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Abstract
It is shown that the derived dimension of any representation-finite
Artin algebra is at most one.
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Let T be a triangulated category, and I and J two full subcategories of
T . Denote by 〈I〉 the smallest full subcategory of T containing I and closed
under shifts, finite direct sums and direct summands. Denote by I∗J the full
subcategory of T consisting of all the objects M ∈ T for which there exists
a triangle I → M → J → I[1] with I ∈ I and J ∈ J . Put I ⋄ J = 〈I ∗ J 〉
and inductively
〈I〉n =
{
{0}, if n = 0;
〈I〉n−1 ⋄ 〈I〉, if n ≥ 1.
The dimension of T is dimT := min{d|∃M ∈ T ,∋ T = 〈M〉d+1}, or ∞ if
there is no such an M for any d. (ref. [9, Definition 3.2]).
Let A be an abelian category. Then Db(A), the derived category of
bounded complexes over A, is a triangulated category. We call dimDb(A)
the derived dimension of A. Let A be an associative algebra with identity,
and A-mod the category of finitely generated left A-modules. Then we also
say dimDb(A−mod) is the derived dimension of A. (ref. [3]). The derived
dimension of an Artin algebra is closed related to its Loewy length, global
dimension, and representation dimension. Especially, it provides a lower
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bound of the representation dimension, which leads to find the examples of
the algebras of arbitrarily large representation dimensions. (ref. [9, 7]).
The following theorem is crucial though its proof is quite simple:
Theorem. Let A be an abelian category. Then Db(A) = 〈A〉2. Furthermore,
if A = addM for some object M ∈ A then dimDb(A) ≤ 1. Here addM is the
full subcategory of A consisting of direct summands of direct sums of finite
copies of M .
Proof. Let X• = (Xn, fn)n∈Z be a bounded complex over A. Define the
complexes K• := (Kerfn, 0)n∈Z and I
• := (Imfn, 0)n∈Z. Then
0→ K•
(in)n∈Z
→ X•
(f˜n)n∈Z
→ I• → 0
is an exact triple of complexes, where in : Kerfn → Xn is the natural em-
bedding and f˜n : Xn → Imfn is the restriction of fn to Imfn for all n ∈ Z.
Namely, we have the following commutative diagram in which each column
is a short exact sequence:
0 0 0
↓ ↓ ↓
· · ·
0
→ Kerfn+1
0
→ Kerfn
0
→ Kerfn−1
0
→ · · ·
↓ in+1 ↓ in ↓ in−1
· · ·
fn+2
→ Xn+1
fn+1
→ Xn
fn
→ Xn−1
fn−1
→ · · ·
↓ f˜n+1 ↓ f˜n ↓ f˜n−1
· · ·
0
→ Imfn+1
0
→ Imfn
0
→ Imfn−1
0
→ · · ·
↓ ↓ ↓
0 0 0
By [6, Chapter III, §3, 5 Proposition], we have a triangle K• → X• →
I• → K•[1] in Db(A). Since X• is a bounded complex over A, K• =
⊕n∈Z(Kerfn)[n] and I
• = ⊕n∈Z(Imfn)[n] have only finitely many nonzero
summands. Hence K• and I• ∈ 〈A〉, and thus X• ∈ 〈A〉2.
Furthermore, if A = addM for some object M ∈ A then Db(A) = 〈M〉2.
Thus dimDb(A) ≤ 1.
An Artin algebra A is said to be representation-finite or of finite repre-
sentation type if up to isomorphism there is only a finite number of indecom-
posable A-modules in A-mod. (ref. [1, p.120]).
Corollary. Let A be a representation-finite Artin algebra. Then dimDb(A−
mod) ≤ 1.
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Proof. Let M be a direct sum of a complete set of representatives of finitely
generated indecomposable left A-modules. Then A−mod = addM . By
Theorem, we have dimDb(A−mod) ≤ 1.
Remark 1. In [8], Oppermann posed an open question — Are there non-
semisimple algebras A such that the equality holds in the inequality rep.dimA
≥ dimDb(A−mod)? For representation-finite nonsemisimple Artin algebras,
by Corollary and [1, p.139,Proposition], we always have dimDb(A−mod) ≤
1 < 2 = rep.dimA.
A finite-dimensional algebra A is said to be derived finite if up to shift
and isomorphism there is only a finite number of indecomposable objects in
Db(A−mod). (cf. [2, Definition 1]). Clearly, dimDb(A−mod) = 0 if and only
if A is derived finite.
Remark 2. In [9, Remark 7.29], Rouquier posed a question — Which finite-
dimensional algebras can have a derived category of dimension 1? So far
we have known that the hereditary algebras (ref. [9, Proposition 7.27] or
[7, Proposition 2.6]), the radical square zero algebras (ref. [9, Proposition
7.37]), and the representation-finite algebras, which are not derived finite,
are of derived dimension one.
From now on we always consider finite-dimensional algebras over an al-
gebraically closed field!
Remark 3. By Corollary and [3, Theorem], we can know explicitly the de-
rived dimension of any representation-finite algebra.
Remark 4. According to the derived category of bounded complexes of left
modules, there are four important classes of algebras: derived finite algebras,
derived discrete algebras, derived tame algebras and derived wild algebras
(ref. [2, 4, 5, 10]). We have known that the derived finite algebras are just
the algebras of derived dimension zero. Let A be a derived discrete algebra.
Then dimDb(A−mod) ≤ 1. Indeed, by [10, Theorem], A is either a derived
hereditary algebra of Dynkin type or a representation-finite gentle algebra.
In both cases, A is representation-finite. By Theorem, we have dimDb(A−
mod) ≤ 1. It is unknown if there is a upper bound for the derived dimensions
of derived tame or tame algebras.
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